EXAMPLES OF PSEUDO-MINIMAL TRIANGULATIONS

THOM SULANKE

Abstract. Examples of pseudo-minimal triangulations on various surfaces are given.

1. Introduction

A triangulation of a closed surface is a simple graph embedded in the surface so that each face is a triangle and so that any two faces share at most one edge. Two triangulations T and T^′ of a surface are equivalent if there is a isomorphism h with h(T ) = T^′. That is, if a, b, and c are vertices of T then ab is an edge of T if and only if h(a)h(b) is an edge of T^′ and a face of T is bounded by the cycle abc if and only if a face of T^′ is bounded by the cycle h(a)h(b)h(c). Two edges of a triangulation are equivalent if there is an automorphism of the triangulation which maps one edge into the other.

Let ac be an edge in a triangulation T and abc and acd be the two faces which have ac as a common edge. The contraction of ac is obtained by deleting ac, identifying vertices a and c, removing one of the multiple edges ab or cb, and removing one of the multiple edges ad or cd. The edge ac of a triangulation T is contractible if the contraction of ac yields another triangulation of the surface in which T is embedded. If the edge ac is contained in a 3-cycle other than the two which bound the faces which share it then its contraction would produce multiple edges. So, for a triangulation T , not K_4 embedded in the sphere, an edge of T is not contractible if and only if that edge is contained in at least three 3-cycles. A triangulation is said to be contractible if it has contractible edges. A triangulation is said to be irreducible if it has no contractible edge.

Let ac be an edge in a triangulation T and abc and acd be the two faces which have ac as a common edge. The diagonal flip of ac is obtained by deleting ac, adding edge bd, deleting the faces abc and acd, and adding the faces abd and bcd. An edge ac of a triangulation T is flippable if the diagonal flip of ac yields another triangulation of the surface in which T is embedded. So ac is flippable if bd is not already an edge. Two triangulations are equivalent under diagonal flips if one is equivalent to a triangulation obtained from the other by a sequence of diagonal flips.

The number of vertices of an irreducible triangulation can not be reduced by edge contraction. Negami [11] defines a type of triangulation for which the number of vertices can not be reduced by a combination of diagonal flips and edge contractions. An irreducible triangulation is said to be pseudo-minimal if it is not equivalent under diagonal flips to a contractible triangulation.

Date: Draft May 7, 2008. 1

Negami [13, 14] defines two types of triangulations which can easily be recognized as pseudo-minimal. A triangulation is said to be frozen if it has no flippable edges. An edge of a triangulation is said to be self-flippable if when it is flipped an equivalent triangulation is produced. A triangulation is said to be isolated if it is equivalent under diagonal flips only to itself. All the flippable edges of an isolated triangulation are self-flippable.

A triangulation is said to be minimal if there are no triangulations of the same surface with fewer vertices. It is clear that such a triangulation is also pseudominimal. The number of vertices in a minimal triangulation for nonorientable surfaces was determined by Ringel [16] and for orientable surfaces by Jungerman and Ringel [5]. It is given for all surfaces except N_2, N_3, and S_2 by the formula:

V_{min}(S) = ⌈ 7 + √ 49 − 24χ(S) 2 ⌉

For the three exceptions the value is one more than the value given by the formula: V_{min}(N_2) = 8, V_{min}(N_3) = 9, and V_{min}(S_2) = 10.

A triangulation is said to be complete if the embedded graph is complete. By the Euler formula K_n can be embedded as a triangulation in a surface S only if n = (7 + √ 49 − 24χ(S))/2. So any complete triangulation must be minimal.

According to the “Map Color Theorem” [17] complete triangulations of K_n exist for orientable surfaces if and only if n ≡ 0, 3, 4, or 7 mod 12 and n ≥ 4 and complete triangulations of K_n exist for nonorientable if and only if n ≡ 0 or 1 mod 3 and n ≥ 6 and n ≠ 7.

For a fixed surface we can take a topographic approach to the study of the triangulations of that surface as suggested by Negami [12]. In such a view a triangulation, T , is at the same elevation and next to another, T^′, if T^′ is obtained from T by a diagonal flip. Also, a triangulation, T , is above a triangulation, T^′ if T^′ is obtained from T by an edge contraction. The topographic “surface” in such a view consists of the irreducible triangulations. Pseudo-minimal triangulations form the bottoms of the valleys. We will call these “lakes”. A lake is the set of all pseudominimal triangulations of a surface which are equivalent under diagonal flips to some fixed pseudo-minimal triangulation. The elevation of a lake is the number of vertices in any pseudo-minimal triangulation in the lake. Let L_{max}(S) be the maximum elevation of any lake of S which is the maximum number of vertices in any pseudo-minimal triangulation of S.

We will order the lakes of S with elevation nv arbitrarily and designate the i-th lake with elevation nv by L(S, nv, i). We will order the pseudo-minimal triangulations in L(S, nv, i) arbitrarily and designate the j-th pseudo-minimal triangulation in L(S, nv, i) by P (S, nv, i, j).

Let N(S) be the minimum value such that two triangulations T and T^′ are equivalent under diagonal flips if the number of vertices in T and the number of vertices in T^′ are equal and at least N(S). Negami [11] has shown that such a finite value exists for any S.

Theorem 1. A surface S has exactly one lake if and only if

N(S) = L_{max}(S) = V_{min}(S).

Proof: If N(S) = L_{max}(S) = V_{min}(S) then all pseudo-minimal triangulations have N(S) vertices and are equivalent under diagonal flips. Thus there is only one lake.

Negami [11] has shown that two triangulations of a closed surface with the same number of vertices are equivalent under diagonal flips if they can be transformed into a common triangulation by diagonal flips and contraction of edges. If a surface has only one lake then every triangulation of that surface can be transformed into any triangulation in that lake by diagonal flips and contraction of edges.

Theorem 2. If a surface S has more than one lake then

N(S) ≥ L_{max}(S) + 1 ≥ V_{min}(S) + 1.

Proof: Suppose a surface, S, has more than one lake. We will show that there are two triangulations of S with L_{max}(S) vertices which are not equivalent under diagonal flips and so N(S) ≥ L_{max}(S) + 1. There is pseudo-minimal triangulation T_1 in a lake of elevation L_{max}(S) and another triangulation, T_2, in some other lake. The number of vertices in T_2 is no more than the number of vertices in T_1. If T_1 and T_2 have the same number of vertices then they are not equivalent under diagonal flips since they are in different lakes. If T_2 has fewer vertices than T_1 then there is a triangulation T^+_2 which has the same number of vertices as T_1 and which can be transformed into T_2 by contracting edges. Since T_1 is pseudo-minimal T_1 is not equivalent under diagonal flips to T^+_2 which is contractible.

2. Finding pseudo-minimal triangulations

The irreducible triangulations of S_0, S_1, S_2, N_1, N_2, N_3, and N_4 have been determined [18] [1] [7] [8] [20] [19] have been determined. The complete sets of pseudo-minimal triangulations were determined for these surfaces using the complete lists of irreducible triangulations.

Lutz [9] generated for all surfaces all the triangulations with 10 or fewer vertices. Sulanke and Lutz [21] generated for all surfaces all the triangulations with 12 or fewer vertices. Using these results we were able to check that the table is complete for pseudo-minimal triangulations up to 12 vertices.

Surface V_{min} t Number of Pseudo-minimal

S_0 4 0 1 = (1)_4 N_1 6 0 1 = (1)_6 S_1 7 0 1 = (1)_7 N_2 8 4 6 = (6)_8 N_3 9 6 133 = (133)_9 S_2 10 9 865 = (865)_{10} N_4 9 3 37 = (32 + 3 + 2)_9 N_5 9 0 2 = (2 ∗ 1)_9 S_3 10 3 20 = (13 + 5 + 2 ∗ 1)_{10} N_6 10 3 1022 = (363 + 297 + 253 + 24 + 12 + 2 ∗ 11 + 8 + 6 + 2 ∗ 5 + 2 ∗ 4 + 3 ∗ 3 + 4 ∗ 2 + 2 ∗ 1)_{10} N_7 10 0 34 = 14 + 20 = (14 ∗ 1)_{10} + (8 + 2 ∗ 4 + 3 + 1)_{11} S_4 11 4 823 = 821 + 2 = (786 + 9 + 2 ∗ 4 + 5 ∗ 3 + 3 ∗ 1)_{11} + (2 ∗ 1)_{12} N_8 11 4 295302 = 295291 + 11 = (290756 + .. + 257 ∗ 1)_{11} + (4 + 3 + 4 ∗ 1)_{12} N_9 11 1 9864 = 5982 + 3882 = (211 + .. + 1336 ∗ 1)_{11} + (2 ∗ 48 + .. + 65 ∗ 1)_{12}

3. The examples

The figures of triangulations shown here consist of four parts. On the left of each figure is a polygon representing the triangulation. The polygons used for the projective plane, torus, and Klein bottle are those commonly used for these surfaces and are taken from the original references. For the other surfaces no attempt is made to fit any standard form. To see that the polygons represent the stated surface several checks must be made. Each boundary edge of the polygon must appear exactly twice. If both representations of an edge on the boundary have the same orientation going around the boundary then the surface is nonorientable. The order of the neighbors around a vertex must agree with the rotation which is given in the upper middle of each figure. The thicker lines represent flippable edges.

In the lower middle of each figure is a list of generators for the automorphism group of the triangulation. These generators can be used to check the claims concerning isomorphic edges, etc. If the automorphism group is trivial then no generators are shown. The generators were produced by nauty [10] by first replacing the faces with new vertices of degree 3.

On the right of each figure is the complement of the embedded graph. The triangulations which we are considering are dense as graphs so their complements are sparse. The complements are included for two reason. First, they are sometimes useful in checking that two triangulations are nonequivalent. Nonequivalence of the complements is usually easier to recognize than the nonequivalence of the triangulations as graphs. Nonequivalent graphs provide nonequivalent triangulations. Second, when flipping an edge the new edge that is added to the triangulation must come from the complement. It is usually quicker to check the complement for available additions than to check the triangulation for flippable edges. Two vertices of a triangulation are opposite each other across an edge not containing them if they are on faces which share that edge. An edge bd from the complement allows a flip if b and d are opposite each other in the triangulation across a flippable edge ac. b and d can be opposite each other across many edges or none at all. The number, if any, bdcda

                        a bcd
                        b adc
                        c abd
                        d acb

                        (ab)
                        (bc)
                        (cd)

Figure 1. P (S_0, 4, 1, 1) = K_4

shown on an edge in the drawing of the complement is the number of edges in the triangulation which can be flipped and replaced by that edge. The total of these edge numbers must equal the number of flippable edges shown in the representation of the triangulation.

We now consider in turn several different surfaces and some of the properties of the pseudo-minimal triangulations of each surface.

4. S_0, the sphere

By Steinitz’ Theorem [18] all triangulations of the sphere can be generated from the triangulation of K_4 by a sequence of vertex splittings. K_4 which is shown in Figure 1 is thus the only irreducible triangulation of the sphere. The sphere has just one lake which contains only K_4. N(S_0) = L_{max}(S_0) = V_{min}(S_0) = 4.

5. N_1, the projective plane

Barnette [1] showed that all triangulations of the projective plane can be generated from the triangulations shown in Figs. 2 and 3 by a sequence of vertex splittings. These two triangulations are thus the only irreducible triangulations of the projective plane. The triangulation in Figure 3 is not pseudo-minimal since if we flip dg then ag becomes a contractible edge. Thus P (N_1, 6, 1, 1) in Figure 2 is the only pseudo-minimal triangulation of the projective plane. P (N_1, 6, 1, 1) is also complete. The projective plane has just one lake which contains only the triangulation P (N_1, 6, 1, 1). N(N_1) = L_{max}(N_1) = V_{min}(N_1) = 6.

6. S_1, the torus

Dewdney [3] showed that every triangulation of the torus is equivalent under diagonal flips to a triangulation which can then be reduced by a sequence of edge contractions to the triangulation P (S_1, 7, 1, 1) in Figure 4. Thus P (S_1, 7, 1, 1) is the only pseudo-minimal triangulation of the torus. P (S_1, 7, 1, 1) is also complete. The torus has just one lake which contains only P (S_1, 7, 1, 1). N(S_1) = L_{max}(S_1) = V_{min}(S_1) = 7.

abcabcdef

             a bdcfe
             b adfce
             c adebf
             d abfec
             e abcdf
             f aedbc

             (ab)(fc)
             (bd)(ec)
             (de)(fc)

Figure 2. P (N_1, 6, 1, 1) = K_6

abcabcdefg

                        a bdcg
                        b adfceg
                        c adebfg
                        d abfgec
                        e bcdg
                        f dbcg
                        g abedfc

                        (bd)(gc)
                        (fe)(dg)
                        (af)(gc)
                                          2aef

Figure 3. The irreducible triangulation of the projective plane which is not pseudo-minimal

abcadeacbaedfg

                        a bdcgef
                        b afgced
                        c adfebg
                        d abegfc
                        e agdbcf
                        f aecdgb
                        g acbfde

                        (aedfbc)
                        (de)(bg)(cf)

Figure 4. P (S_1, 7, 1, 1) = K_7 abcadeacbadefgh

                        a becgd
                        b adhcfe
                        c agfbhe
                        d agefhb
                        e abfdghc
                        f bcghde
                        g cadehf
                        h cbdfge

                        (dg)(bc)(fh) 2hafbgdc

Figure 5. P (N_2, 8, 1, 4) = Kh4

abcadeacbadefgh

                        a becd
                        b adhcfe
                        c adgfbhe
                        d acgefhb
                        e abfdghc
                        f bcghde
                        g cdehf
                        h cbdfge

                                             121hagbf

Figure 6. P (N_2, 8, 1, 6) = Kh6

7. N_2, the Klein bottle

Negami and Watanabe [15] showed that every triangulation of the Klein bottle is equivalent under diagonal flips to a triangulation which can then be reduced by a sequence of edge contractions to the triangulation Kh6 in Figure 6. This means that Kh6 is pseudo-minimal and is in the only lake of the Klein bottle. Lawrencenko and Negami [8] determined all the pseudo-minimal triangulations in this lake which are shown in Figs. 5 through 10. Kh3 has been redrawn to more obviously show that it can be obtained from Kh1 with a single flip. N(N_2) = L_{max}(N_2) = V_{min}(N_2) = 8.

8. N_3

For N_3 there is only one lake with 133 pseudo-minimal triangulations. Recall that N_3 is one of the three exceptions to the formula for V_{min}. V_{min}(N_3) is one larger than is required by the Euler formula.

Two of these triangulations are shown in Figures 11 and 12. All 133 are shown in Figure 13. Due to space limitation only the unlabeled polygons corresponding to the triangulations are shown. Each polygon in Figure 13 is labeled the same as the two shown in Figures 11 and 12. In Figure 13 if two polygons are adjacent and not separated by a dark line then one can be obtained from the other by a abcadeacbadefgh

                        a bfecd
                        b adhcf
                        c adgfbhe
                        d acgefhb
                        e afdghc
                        f abcghde
                        g cdehf
                        h cbdfge

                        (ab)(eh)(df) 121hagbe

Figure 7. P (N_2, 8, 1, 5) = Kh5

abcadeacbadefgh

                        a bfehcd
                        b adhcf
                        c adgfbh
                        d acgefhb
                        e afdgh
                        f abcghde
                        g cdehf
                        h acbdfge

                        (eg)(ac)(dh) 212agbec

Figure 8. P (N_2, 8, 1, 2) = Kh2

abcadeacbadefgh

                        a bfehcd
                        b adhcgf
                        c adgbh
                        d acgefhb
                        e afdgh
                        f abghde
                        g bcdehf
                        h acbdfge

                        (ce)(bf)(ga)(hd) 3121becfag

Figure 9. P (N_2, 8, 1, 1) = Kh1

single diagonal flip. Since the maze formed by the dark lines is connected we see that any two polygons connected by a sequence of diagonal flips. Thus the 133 triangulations are equivalent under diagonal flips. In order to check the claim that these 133 triangulations do form a lake it is necessary to check that each polygon represents a unique triangulation of N_3 and that there are no other triangulations abcadeacbadefgh

                        a bgfehcd
                        b adhcg
                        c adgbh
                        d acgefhb
                        e afdgh
                        f aghde
                        g abcdehf
                        h acbdfge

                        (bc)(ef)(gh)
                        (ahdg)(be)(cf) 2becf

Figure 10. P (N_2, 8, 1, 3) = Kh3 (redrawn)

abcadeafgabcafgaedhi

              a bdicfehg
              b agfecihd
              c afdebi
              d abhecfgi
              e afbcdh
              f aebgdc
              g ahidfb
              h aedbig
              i adghbc

              (abd)(cfe)(ghi)

                                      1212cefgih

Figure 11. P (N_3, 9, 1, 1)

abcadeafgabcafgaedhi

              a bdihcfeg
              b agfechd
              c afgdebh
              d abhecgi
              e afbcdhg
              f aebgc
              g aehidcfb
              h aigedbc
              i adgh

              (ag)(be)(dh)

                                      121cefihbd

Figure 12. P (N_3, 9, 1, 2)

which are equivalent under diagonal flips to any of these. This was done when the triangulations were generated as described in Section 2.

These 133 triangulations are all of the pseudo-minimal triangulations of N_3. So N(N_3) = L_{max}(N_3) = V_{min}(N_3) = 9.

Figure 13. L(N_3, 9, 1)

9. S_2, the double torus

For S_2 there is only one lake with 865 pseudo-minimal triangulations. Again S_2 is one of the three exceptions to the formula for V_{min} as was shown in [4]. In [4] Huneke also provides an example of a pseudo-minimal triangulation of S_2 with 10 vertices. This triangulation is shown here in Figure 14. By flipping ef, cg, and bf we get Figure 15 and by flipping dj, ej, and df we get Figure 16. These three pseudo-minimal triangulations from L(S_2, 10, 1) have been redrawn in abcadeafgahiagfaihacbaedj

              a bdchgife
              b aehcgfd
              c adjigbh
              d abfiejc
              e afjdihb
              f aidbgje
              g ahjfbci
              h acbeijg
              i agcjhedf
              j cdefghi

              (ce)(dh)(gf)(jb)(ai)

                                   312121aicedhgfjb

Figure 14. P (S_2, 10, 1, 1) from Huneke

abcadeafgahiagfaihacbaedj

              a bdchgifje
              b aehcigd
              c adjibh
              d abgfiejc
              e ajdihb
              f aidgj
              g ahjfdbi
              h acbeijg
              i agbcjhedf
              j afghicde

              (bh)(dj)(ia)

                                     121djhbfecg

Figure 15. P (S_2, 10, 1, 2)

abcadeafgahiagfaihacbaedj

              a bdchgife
              b aehcgfid
              c adefjigbh
              d abiec
              e afcdihb
              f aibgjce
              g ahjfbci
              h acbeijg
              i agcjhedbf
              j cfghi

              (fh)(ab)(ic)

                                     121hfegdjab

Figure 16. P (S_2, 10, 1, 3)

Figures 17 through 19 in an attempt to better show their automorphisms. The 865 triangulations of S_2 with 10 vertices are all of the pseudo-minimal triangulations of S_2. So N(S_2) = L_{max}(S_2) = V_{min}(S_2) = 10.

jiacbeijebaiejcabcdfgh

              a bdchgife
              b aehcgfd
              c adjigbh
              d abfiejc
              e afjdihb
              f aidbgje
              g ahjfbci
              h acbeijg
              i agcjhedf
              j cdefghi

              (ce)(dh)(gf)(jb)(ai)

                                   312121aicedhgfjb

Figure 17. P (S_2, 10, 1, 1) redrawn

hbejdfjebdchjfdbhcdjiag

              a bdchgifje
              b aehcigd
              c adjibh
              d abgfiejc
              e ajdihb
              f aidgj
              g ahjfdbi
              h acbeijg
              i agbcjhedf
              j afghicde

              (bh)(dj)(ia)

                                     121djhbfecg

Figure 18. P (S_2, 10, 1, 2) redrawn

dbciadcbedicdebdaifhgj

             a bdchgife
             b aehcgfid
             c adefjigbh
             d abiec
             e afcdihb
             f aibgjce
             g ahjfbci
             h acbeijg
             i agcjhedbf
             j cfghi

             (fh)(ab)(ic)

                                    121hfegdjab

Figure 19. P (S_2, 10, 1, 3) redrawn

10. N_4

Finally a surface with more than one lake. There are three lakes with 32, 3, and 2 triangulations. We will show here that there are at least three lakes. None of the ifbdihbdahbfahifadgce

              a ifhbcde
              b igefcahd
              c fbadgeh
              d ibhgcaef
              e iadfbgch
              f idebcha
              g ihdceb
              h iecfabdg
              i faehgbd

                                      1icagf

Figure 20. P (N_4, 9, 3, 1)

ifbdihbdahbfahifadgce

              a ifhbcde
              b igfcahd
              c fbadgeh
              d ibhgcaef
              e iadfgch
              f idegbcha
              g ihdcefb
              h iecfabdg
              i faehgbd

              (abi)(cge)(dfh)

                                     1icbeag

Figure 21. P (N_4, 9, 3, 2)

lakes have just one pseudo-minimal triangulation so there are no frozen or isolated triangulations.

Figures 20 and 21 show the two triangulations in L(N_4, 9, 3). The edge fg of P (N_4, 9, 3, 2) is equivalent to all three of the flippable edges of P (N_4, 9, 3, 2). Flipping fg produces P (N_4, 9, 3, 1). P (N_4, 9, 3, 1) has three nonequivalent flippable edges. Two edges, eh and cd, are self-flippable while the third, be, produces P (N_4, 9, 3, 2) when flipped. So P (N_4, 9, 3, 1) and P (N_4, 9, 3, 2) are equivalent under flipping to no other triangulations.

Figures 22, 23 and 24 show the three triangulations in L(N_4, 9, 2). Consider P (N_4, 9, 2, 3). The edge ad is equivalent to all three of the flippable edges. Flipping ad produces P (N_4, 9, 2, 1). Now consider P (N_4, 9, 2, 1). Flipping ce produces P (N_4, 9, 2, 3). Flipping bh produces P (N_4, 9, 2, 2). This can be seen by examining the differences between the rotations of P (N_4, 9, 2, 1) and P (N_4, 9, 2, 2). Flipping bh removes h from the rotation of b and removes b from the rotation of h. The new edge ad in P (N_4, 9, 2, 2) is obtained by adding d in the rotation of a between b and h and adding a in the rotation of d between b and h. Finally consider P (N_4, 9, 2, 2). Flipping ad, which is equivalent to fi, produces P (N_4, 9, 2, 1) again. Edge eg is self-flippable.

Figure 25 shows P (N_4, 9, 1, 6) yet another pseudo-minimal triangulation of N_4. That it is unique can be seen by comparing its complement with those of the pseudominimal triangulations in L(N_4, 9, 2) and L(N_4, 9, 3). Since it is not in L(N_4, 9, 2) and not in L(N_4, 9, 3) there must be at least three lakes for N_4.

cihbgcifbghifcghbfdea

              a bcefgh
              b ahdgeifc
              c abfgihde
              d chbgie
              e acdibghf
              f aehibcg
              g afcidbeh
              h ageficdb
              i bedgchf

              (ad)(fi)(hb)

                                     2iadf

Figure 22. P (N_4, 9, 2, 1)

adcifacdifcadicfgheb

              a bcefghd
              b adgeifc
              c abfgihde
              d chabgie
              e acdibghf
              f aehibcg
              g afcidbeh
              h ageficd
              i bedgchf

              (di)(af)(ge)
              (bh)(da)(if)

                                 3iadfbh

Figure 23. P (N_4, 9, 2, 2)

cihbgcifbghifcghbfdea

              a bcdefgh
              b ahdgeifc
              c abfgihd
              d achbgie
              e adibghf
              f aehibcg
              g afcidbeh
              h ageficdb
              i bedgchf

              (fi)(ad)(bh)
              (cf)(de)(bg)

                                    1dfecai

Figure 24. P (N_4, 9, 2, 3)

In Figure 26 is shown a sequence of operations for obtaining P (N_4, 9, 1, 6) from P (N_4, 9, 2, 1). Since these two pseudo-minimal triangulations are in different lakes a simple sequence of flips is not enough. Starting in the lower left of Figure 26 we move up (increase the number of vertices by one) from P (N_4, 9, 2, 1) by splitting the vertex i to create a new vertex j. The triangulation in the upper left of Figure 26 cihbgcifbghifcghbfdea

              a bceifgh
              b ahdgefc
              c abfgihde
              d chbgife
              e acdfbghi
              f aidebcg
              g afcidbeh
              h ageicdb
              i dgcheaf

              (bi)(fh)(ec)
              (ad)(bf)(ih)(ec)

                                     31adhfib

Figure 25. P (N_4, 9, 1, 6)

cihbgcifbghifcghbfdeaj cihbgcifbghifcghbfdeaj cihbgcifbghifcghbfdeaj

cihbgcifbghifcghbfdea cihbgcifbghifcghbfdea

Figure 26. Portage from P (N_4, 9, 2, 1) to P (N_4, 9, 1, 6)

is not irreducible since the edge ij can be contracted to obtain P (N_4, 9, 2, 1). If the edge fh is flipped we obtain the irreducible triangulation in the upper center of Figure 26 maintaining the same number of vertices. If the edge fe is then flipped we obtain the triangulation in the upper right of Figure 26 also with the same number of vertices. This triangulation is not irreducible since we can contract the edge fj and obtain P (N_4, 9, 1, 6) in the lower right of Figure 26. This contraction again reduces the number of vertices to the elevation of the lakes. We call this sequence of triangulations a portage from L(N_4, 9, 2) to L(N_4, 9, 1).

A portage from lake L_1 to lake L_2 of length n is a sequence of triangulations (T_1, T_2, ..., T_n) where an edge of T_1 can be contracted to obtain a pseudo-minimal triangulation of L_1, an edge of T_n can be contracted to obtain a pseudo-minimal triangulation of L_2, T_i is irreducible for i = 2, .., n − 1, and T_i is obtained from T_{i−1} by flipping an edge for i = 2, .., n. We allow n = 1 or n = 2. However, no such ifbdihbdahbfahifadgec

              a bcdeifh
              b ahdigefc
              c abfgihd
              d chbifea
              e adfbghi
              f aidebcgh
              g fcibeh
              h afgeicdb
              i dbgcheaf

              (ce)(bi)(fh)
              (ce)(ad)(bf)(ih)

                                         131ecagd

Figure 27. P (N_4, 9, 1, 15)

short portages were found for any surface. T_1 and T_n are the ends of the portage. The portage graph of a surface has the lakes of the surface as vertices. A pair of lakes is an edge in the portage graph if there is a portage between the lakes. The weight of an edge in the portage graph is the minimum length of portages between the two lakes which are the edge’s ends.

Theorem 3. If a surface S has more than one lake and the portage graph of S is connected then N(S) = L_{max}(S) + 1.

Proof: Suppose that a surface S has more than one lake and that the portage graph of S is connected. From Theorem 2 we have N(S) ≥ L_{max}(S) + 1. We show that N(S) ≤ L_{max}(S)+1. All the lakes must have the elevation of L_{max}(S) Suppose T is a triangulation with L_{max}(S) + 1 vertices. T is not pseudo-minimal so it is equivalent under diagonal flips to a triangulation T_a which is contractible to some pseudo-minimal triangulation in a lake L_a. T_a is equivalent under diagonal flips to all triangulations which are contractible to some pseudo-minimal triangulation in a lake L_a. In particular, T_a is equivalent under diagonal flips to the L_a end of all portages beginning at lake L_a. Since the two ends of any portage are equivalent under diagonal flips by definition T_a is also equivalent under diagonal flips to the non-L_a end of all portages beginning at lake L_a. Continuing in this way we see that T is equivalent under diagonal flips to every triangulation which is contractible to some pseudo-minimal triangulation. So any two triangulation with L_{max}(S) + 1 vertices are equivalent under diagonal flips.

Figure 27 shows a second pseudo-minimal triangulation in L(N_4, 9, 1). It can be obtained from P (N_4, 9, 1, 6) by flipping in any order the edges ag, ce, and dg. Figure 28 shows a portage from L(N_4, 9, 3) to L(N_4, 9, 1) of length 3 which begins over P (N_4, 9, 3, 1) and ends over P (N_4, 9, 1, 15). The operations are: split vertex c, flip edge dg, flip edge gh, and contract edge gj. The portages which we have shown are not the only ones. However, there are no shorter ones between the respective lakes. The shortest portage from L(N_4, 9, 2) to L(N_4, 9, 3) has length 8.

The minimal spanning tree of the portage graph of N_4 is the path, P_3 where both edges have weight 3. These 37 triangulations are all of the pseudo-minimal triangulations of N_4. So N(N_4) = L_{max}(N_4) + 1 = V_{min}(N_4) + 1 = 10.

ifbdihbdahbfahifadgjec ifbdihbdahbfahifadgjec ifbdihbdahbfahifadgjec

ifbdihbdahbfahifadgce ifbdihbdahbfahifadgce

Figure 28. Portage from P (N_4, 9, 3, 1) to P (N_4, 9, 1, 15)

11. N_5

We have now examined all of the surfaces for which all of the pseudo-minimal triangulations have been determined. We will now examine the results found by the algorithm described in Section 2.

Two frozen pseudo-minimal triangulations were the only ones found for N_5. Each fills its own lake. The two pseudo-minimal triangulations and the connecting portage are shown in Figure 29. Since any pseudo-minimal triangulations with 9 vertices on N_5 must be complete we have from [2] that these are the only pseudominimal triangulations with 9 vertices. There are no pseudo-minimal triangulations with 10 vertices and we conjecture that there are no pseudo-minimal triangulations with greater than 10 vertices. If this is so then N(N_5) = L_{max}(N_5)+1 = V_{min}(N_5)+ 1 = 10.

12. S_3

There were four lakes found for S_3. Two of the lakes, L(S_3, 10, 3) and L(S_3, 10, 4), each consists of one isolated pseudo-minimal triangulation. One of these isolated pseudo-minimal triangulation, P (S_3, 10, 3, 1), is frozen and is shown in Figure 30. It is K_{10} − K_3 and its rotation is a relabeled version of rotation (2.8) in [17]. By Ringel’s construction, vertices h, i, and j are separated by two other vertices in each line of the rotation in which they appear. Thus no pair of the three vertices are opposite each other and P (S_3, 10, 3, 1) is frozen. The construction for the orientable case 10 of [17] provides a triangulation of K_{12s+10} − K_3 in S_{(4s+3)(3s+1)} for every s ≥ 1 with a rotation in which the vertices of K_3 are separated by at least two other vertices in each line of the rotation in which they appear. Korzhik and Voss [6] provide more than one such construction for s ≥ 2. So for s ≥ 2 we have N(S_{(4s+3)(3s+1)}) ≥ V_{min}(S_{(4s+3)(3s+1)}) + 1 = 12s + 11.

gdbifhdeifbgdheibfhedbcaj gdbifhdeifbgdheibfhedbcaj gdbifhdeifbgdheibfhedbcaj

gdbifhdeifbgdheibfhedbca gdbifhdeifbgdheibfhedbca

Figure 29. Portage from P (N_5, 9, 1, 1) to P (N_5, 9, 2, 1)

efgcifejfcgehcficegfjechabd

                          a bhgcifejd
                          b chadigfje
                          c dhbeiagjf
                          d ehcfibajg
                          e fhdgicbja
                          f gheaidcjb
                          g ahfbiedjc
                          h abcdefg
                          i acegbdf
                          j aebfcgd

                          (adgcfbe)
                          (hji)(agc)(bde)

                                          hij

Figure 30. P (S_3, 10, 3, 1)

The other isolated pseudo-minimal triangulation of S_3, P (S_3, 10, 4, 1), is shown in Figure 31. It is nonfrozen as its two equivalent flippable edges are self-flippable. That the two edges, hi and be, are equivalent can be seen from the generator for the automorphism group of the triangulation. If we flip hi to get aj and relabel the vertices with the permutation, (ai)(cf)(dg)(hj), we obtain a reflection of the original drawing. P (S_3, 10, 4, 1) is the smallest nonfrozen isolated pseudo-minimal triangulation of an orientable surface.

Figure 32 shows a third pseudo-minimal triangulation of S_3. It is not isolated. We have shown three pseudo-minimal triangulations of S_3 each from a different lake. We will not show that there are at least four lakes. The portage graph of S_3 is K_4. The minimal spanning tree is P_4 with each edge having a weight bcdefgcbedfecgebfdcegfahij

                        a bcdefghi
                        b aifjgedhc
                        c abhgjeid
                        d acijfhbe
                        e adbgicjhf
                        f aehdjbig
                        g afiebjch
                        h agcbdfeji
                        i ahjdcegfb
                        j bfdihecg

                        (cf)(adjg)(bhei)

                                             1ajcfdg

Figure 31. P (S_3, 10, 4, 1)

efgcifejfcgehcficegfjechabd

                          a hgcifej
                          b chigfje
                          c dhbeiagjf
                          d ehcfijg
                          e fhdgicbja
                          f gheaidcjb
                          g ahfbiedjc
                          h ajibcdefg
                          i acegbhjdf
                          j aebfcgdih

                          (adb)(efc)(jih)

                                          1dba

Figure 32. P (S_3, 10, 2, 1)

of 3. We conjecture that these 20 triangulations which are all of the minimal triangulations are also all of the pseudo-minimal triangulations. If this is so then N(S_3) = L_{max}(S_3) + 1 = V_{min}(S_3) + 1 = 11.

13. N_6

For N_6 there were 1022 pseudo-minimal triangulations found in 22 lakes. As with S_3 two of the pseudo-minimal triangulations are isolated. One is frozen and is shown in Figure 33 while the other is not frozen and is shown in Figure 34. P (N_6, 10, 22, 1) is the smallest nonfrozen isolated pseudo-minimal triangulation of a nonorientable surface.

The portage graph of N_6 is connected. All edges of the minimal spanning tree have weight of 3 except for one edge. All portages from one of the lakes have weight 4 or more. We conjecture that there are 1022 pseudo-minimal triangulations in 22 lakes. If this is so then N(N_6) = L_{max}(N_6) + 1 = V_{min}(N_6) + 1 = 11.

14. N_7

The 14 complete triangulations of N_7 [2] with 10 vertices were found. Examples of pseudo-minimal triangulations with 11 vertices were also found. These 20 fgdhicefdgechifdegfichdeabj

                                     a bcdefghij
                                     b ajhfdegic
                                     c abiegjhd
                                     d achgjfbe
                                     e adbgcijf
                                     f aejdbhig
                                     g afibecjdh
                                     h agdcjbfi
                                     i ahfgbcej
                                     j aiefdgchb

                                     (efd)(cih)(jba)
                                                  cfidhe

Figure 33. P (N_6, 10, 21, 1)

highijbijghjgbigbhjbacdef

              a bcdefghij
              b ajfhegdic
              c abijghd
              d achjgbie
              e adigbhjf
              f aejbhig
              g afiebdjch
              h agcdjebfi
              i ahfgedbcj
              j aicgdhefb

              (cf)(de)(gb)(hj)

                                       1efcd

Figure 34. P (N_6, 10, 22, 1)

pseudo-minimal triangulations are not minimal. They are the smallest nonminimal pseudo-minimal triangulations found for any surface. One isolated nonminimal pseudo-minimal triangulations was found. It is frozen and is shown in Figure 35. There are also nonisolated nonminimal pseudo-minimal triangulations. To show there existence we display in Figures 36 through 38 the three pseudo-minimal triangulations from L(N_7, 11, 4) which are equivalent under diagonal flips to each other but are not equivalent under diagonal flips to any other triangulations.

The portage graph is not connected because N_7 has lakes at two elevations. The portage graph consists of two connected components. The portage graph restricted to lakes of elevation 10 has a minimal spanning tree with weights ranging from 3 to 12. The portage graph restricted to lakes of elevation 11 has a minimal spanning tree with weights ranging from 10 to 13. It is possible to transform any pseudominimal triangulation with 11 vertices into a pseudo-minimal triangulation with 10 vertices by splitting a vertex, a sequence of diagonal flips, and then two edge contractions.

We conjecture that the pseudo-minimal triangulations which were found are all of the pseudo-minimal triangulations of N_7. If this is so then N(N_7) = L_{max}(N_7)+1 = V_{min}(N_7) + 2 = 12.

edcibdcebighaicedfgbdfebgiahgfjk

                     a bcdefghijk
                     b akdjhfgeic
                     c abihekd
                     d ackbjfhe
                     e adhckibgjf
                     f aejdhbg
                     g afbejikh
                     h agkjbfdeci
                     i ahcbekgj
                     j aigefdbhk
                     k ajhgiecdb

                     (cf)(ig)(kj)(ah)

                                            ifkdgcj

Figure 35. P (N_7, 11, 5, 1)

cejigaegifdkijagejkcaeckdfikjabh

                        a bcdefghijk
                        b akidhfjec
                        c abekjd
                        d acjhbifke
                        e adkcbjhgif
                        f aeidkhbjg
                        g afjieh
                        h agejdbfki
                        i ahkbdfegj
                        j aigfbehdck
                        k ajcedfhib

                        (cg)(bh)(fd)(ik)

                                               1kgcidfbh

Figure 36. P (N_7, 11, 4, 1)

15. S_4

For S_4 there were 821 pseudo-minimal triangulations with 11 vertices found in 12 lakes. The 3 isolated pseudo-minimal triangulations with 11 vertices are frozen. The minimal spanning tree for these lakes exists and the weight of all edges of this tree is 3. There were 2 frozen triangulations with 12 vertices found. The portage graph restricted to lakes of elevation 12 is a single edge with weight 3. It is possible to transform either pseudo-minimal triangulation with 12 vertices into a pseudominimal triangulation with 11 vertices by splitting a vertex, a sequence of diagonal flips, and then two edge contractions.

We conjecture that the pseudo-minimal triangulations which were found are all of the pseudo-minimal triangulations of S_4. If this is so then N(S_4) = L_{max}(S_4)+1 = V_{min}(S_4) + 2 = 13.

cejigaegifdkijagejkcaeckdfikjabh

                        a bcdefghijk
                        b akidhfgjec
                        c abekjhd
                        d achbifke
                        e adkcbjhgif
                        f aeidkhbg
                        g afbjieh
                        h agejcdbfki
                        i ahkbdfegj
                        j aigbehck
                        k ajcedfhib

                        (cg)(df)(ki)(bh)

                                              1kgcidjf

Figure 37. P (N_7, 11, 4, 2)

cejigaegifdkijagejkcaeckdfikjabh

                        a bcdefghijk
                        b akidhfjec
                        c abekjhd
                        d achbifke
                        e adkcbjhgif
                        f aeidkhbjg
                        g afjieh
                        h agejcdbfki
                        i ahkbdfegj
                        j aigfbehck
                        k ajcedfhib

                                                1kgcidjfb

Figure 38. P (N_7, 11, 4, 3)

16. Other surfaces

As the genus of the surface increases it becomes more difficult to find a set of pseudo-minimal triangulations which appear to be all for that surface. At least two frozen pseudo-minimal triangulations were found for all surfaces with 11 <= V_{min} <= 17. We conjecture that N(S) = V_{min}(S) only if S is one of the surfaces: S_0, S_1, S_2, N_1, N_2, or N_3.

17. Labeled triangulations

If a triangulation has n vertices we obtain a labeled triangulation by assigning a unique label to each vertex. We will use letters for the labels. Two labeled triangulations T and T^′ of a surface are equivalent if there is a isomorphism h with h(T ) = T^′ which preserves the labels. That is, if a is a vertex of T then the label assigned to a is the label assigned to the vertex h(a) of T^′.

For a triangulation T with n vertices all of the labeled triangulations obtained from T form a symmetric group on n objects. The subgroup of labeled triangulations obtained from T which are equivalent is the automorphism group of T .

Two labeled triangulations are equivalent under diagonal flips if one is equivalent as a labeled triangulation to a labeled triangulation obtained from the other by a sequence of diagonal flips.

Suppose that ab is a flippable edge of a labeled triangulation T , that the labeled triangulation T^′ is obtained by flipping ab in T and replacing it with the edge cd in T^′, and that h is an automorphism of T . Then the two edges ab and h(a)h(b) of T are equivalent. By flipping the edge h(a)h(b) of T we obtain a labeled triangulation T^{′′} which is equivalent as an unlabeled triangulation to T^′. h maps the labels of T^′ onto the labels of T^{′′}. If we start with T^′, flip cd to obtain T , and then flip h(a)h(b) to obtain T^{′′} we see that the labeled triangulations T^′ and T^{′′} are equivalent under diagonal flips. So the automorphism group of T can be used to relabel the vertices of T^′ to obtain other labeled triangulations which are equivalent under diagonal flips to T^′. In general, the vertices of a labeled triangulation can be relabeled to obtain other labeled triangulations which are equivalent under diagonal flips by using the automorphism group of any triangulation which is equivalent under diagonal flips. If we consider a set of labeled triangulations which are equivalent under diagonal flips and show that the generators of the automorphism groups of these triangulations generate the symmetric group on the labels then all the possible labelings of these triangulations are equivalent under diagonal flips.

Let N_L(S) be the minimum value such that two labeled triangulations T and T^′ are equivalent under diagonal flips if the number of vertices in T and the number of vertices in T^′ are equal and at least N_L(S). Negami [12] has shown that N(S) ≤ N_L(S) ≤ N(S) + 1 and that if V_{min}(S) < N(S) then N(S) = N_L(S).

We will examine N_L(S) when V_{min}(S) = N(S). In this case, from Theorem 1 S has exactly one lake. The surfaces which we have examined which do or might meet this criteria are S_0, N_1, S_1, N_2, N_3, and S_2.

Negami [12] has shown that N_L(S_0) = N(S_0) = 4, N_L(N_1) = N(N_1) + 1 = 7, and N_L(S_1) = N(S_1) + 1 = 8.

We will show that N_L(N_2) = N(N_2) = 8. From Figure 8 a generator of the automorphism group of Kh2 is h_1 = (ac)(dh)(eg) and from Figure 10 two generators of the automorphism group of Kh3 are h_2 = (bc)(ef)(gh) and h_3 = (ahdg)(be)(cf). h_2h_3h_1 = (ade)(bf)(cgh), (h_2h_3h_1)^3 = (bf), h_2h_3h_1h_2h_1 = (ahbgecdf). Thus combining the three permutations h_1, h_2, and h_3 we can produce a 2-cycle and an n-cycle and so these three permutations generate the symmetric group on the 8 labels of the minimal triangulations of N_2. Therefore all labeled triangulations which are obtained by labeling the 6 minimal triangulations of N_2 are equivalent under diagonal flips so N_L(N_2) = N(N_2) = 8. In particular, any relabeling of the vertices of Kh2 can be obtained by some sequence of the operations: redraw Kh2 maintaining the structure shown in Figure 8 which permutes the labels with h_1; flip edges to obtain Kh3 from Kh2; redraw Kh3 maintaining the structure shown in Figure 10 which permutes the labels with some combination of h_2 and h_3; and flip edges to obtain Kh2 from Kh3.

We will show that N_L(N_3) = N(N_3) = 9. Figure 12 can be obtained from Figure 11 by flipping bi, ah, ci, and df. From Figure 11 the generator of the automorphism group of P (N_3, 9, 1, 1) is h_1 = (abd)(cfe)(ghi) and from Figure 12 the generator of the automorphism group of P (N_3, 9, 1, 2) is h_2 = (ag)(be)(dh). h_1h_2 = (aecfbhi)(dg) and (h_1h_2)^7 = (dg), a 2-cycle. h_1h_1h_2 = (ah)(bgidefc) and (h_1h_1h_2)^2(h_1h_2)^4 = (abfeihcgd), an n-cycle. So h_1 and h_2 generate the symmetric group on the 9 labels of P (N_3, 9, 1, 1) and thus any member of L(N_3, 9, 1). If L(N_3, 9, 1) is the only lake for N_3 then we have just shown that N_L(N_3) = 9 which would also be the value for N(N_3). If there is more than one lake for N_3 then V_{min}(N_3) < N(N_3) and so N_L(N_3) = N(N_3).

In a similar way N_L(S_2) = N(S_2) = 10. From Figures 17 through 19 the respective generators of the automorphism groups of P (S_2, 10, 1, 1), P (S_2, 10, 1, 2), and P (S_2, 10, 1, 3) are h_1 = (ai)(bj)(ce)(dh)(fg), h_2 = (ai)(bh)(dj), and h_3 = (ab)(ci)(fh). h_3h_1h_3h_2h_1 = (ahfbeicdgj), a 10-cycle. h_3h_2h_3h_1h_3h_2h_1 = (afeid)(bch)(gj) so (h_3h_2h_3h_1h_3h_2h_1)^{15} = (gj), a 2-cycle. Thus, h_1, h_2, and h_3 generate the symmetric group on the 10 labels of P (S_2, 10, 1, 1).

References

1. David Barnette, Generating the triangulations of the projective plane, J. Combin. Theory Ser.

B 33 (1982), no. 3, 222–230. MR 84f:57009 2. Javier Bracho and Ricardo Strausz, Nonisomorphic complete triangulations of a surface, Discrete Math. 232 (2001), no. 1-3, 11–18. MR 2001k:05058 3. A. K. Dewdney, Wagner’s theorem for torus graphs, Discrete Math. 4 (1973), 139–149. MR 46 #8878 4. John Philip Huneke, A minimum-vertex triangulation, J. Combin. Theory Ser. B 24 (1978), no. 3, 258–266. MR MR0480137 (58 #327) 5. M. Jungerman and G. Ringel, Minimal triangulations on orientable surfaces, Acta Math. 145 (1980), no. 1-2, 121–154. MR 82b:57012 6. Vladimir P. Korzhik and Heinz-Jurgen Voss, Exponential families of non-isomorphic nontriangular orientable genus embeddings of complete graphs, J. Combin. Theory Ser. B 86 (2002), no. 1, 186–211. MR 2003i:05043 7. Serge Lawrencenko, Irreducible triangulations of a torus, Ukrain. Geom. Sb. (1987), no. 30, 52–62, ii. MR MR914777 (89c:57002) 8. Serge Lawrencenko and Seiya Negami, Irreducible triangulations of the Klein bottle, J. Combin. Theory Ser. B 70 (1997), no. 2, 265–291. MR 98h:05067 9. Frank H. Lutz, Enumeration and random realization of triangulated surfaces, arXiv:

math.CO/0506316, Discrete Differential Geometry (A. I. Bobenko, P. Schrder, J. M. Sullivan, and G. M. Ziegler, eds.). Oberwolfach Seminars 38, 235-253. Birkhuser, Basel, 2008.

10. B. D. McKay, Nauty, a set of procedures for determining the automorphism group of a vertexcoloured graph, http://cs.anu.edu.au/∼ bdm/nauty/.

11. Seiya Negami, Diagonal flips in triangulations of surfaces, Discrete Math. 135 (1994), no. 1-3, 225–232. MR 95m:05091 12. , Diagonal flips of triangulations on surfaces, a survey, Proceedings of the 10th Workshop on Topological Graph Theory (Yokohama, 1998), vol. 47, 1999, pp. 1–40. MR 2001j:05050 13. , Note on frozen triangulations on closed surfaces, Proceedings of the 10th Workshop on Topological Graph Theory (Yokohama, 1998), vol. 47, 1999, pp. 191–202. MR 2000i:05055 14. Seiya Negami and Atsuhiro Nakamoto, Triangulations on closed surfaces covered by vertices of given degree, Graphs Combin. 17 (2001), no. 3, 529–537. MR 2002g:05065 15. Seiya Negami and Shin Watanabe, Diagonal transformations of triangulation on surfaces, Tsukuba J. Math. 14 (1990), no. 1, 155–166. MR 91g:05038 16. Gerhard Ringel, Wie man die geschlossenen nichtorientierbaren Flächen in möglichst wenig Dreiecke zerlegen kann, Math. Ann. 130 (1955), 317–326. MR 17,774b 17. , Map color theorem, Springer-Verlag, New York, 1974, Die Grundlehren der mathematischen Wissenschaften, Band 209. MR 50 #1955 18. E. Steinitz and H. Rademacher, Vorlesungen über die Theorie der Polyeder, Springer, Berlin, 1934.

19. Thom Sulanke, Irreducible triangulations of S_2, N_3, and N_4, arXiv: math.CO/0606690.

20. , Note on the irreducible triangulations of the Klein bottle, J. Combin. Theory Ser. B 96 (2006), no. 6, 964–972.

21. Thom Sulanke and Frank H. Lutz, Isomorphism free lexicographic enumeration of triangulated surfaces and 3-manifolds, arXiv: math.CO/0610022v3, 2007, 24 pages; Eur. J. Comb., to appear.

Department of Physics, Indiana University, Bloomington, Indiana 47405 E-mail address: tsulanke@indiana.edu